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Abstract 
The Fano resonance with a distinctive ultra-sharp, asymmetric line shape and high quality factor Q, is a widely 
occurring phenomena that has a large variety of optical, plasmonic and microwave manifestations. In this paper, 
we explore the characteristic robustness of the Fano resonance mode, which is topologically protected by 
manufacturing band inversion induced by breaking the mirror symmetry of a two-dimensional honeycomb 
photonic crystal (HPC), associated with 𝐶଺ point group symmetry. So the dark and bright topological edge modes 
appear in the band gap made by opening of the Dirac cone. Destructive and constructive interference of the dark 
and bright modes leads to the asymmetric line shape of the Fano resonance. The Fano resonance mode which is 
very sensitive to the environmental and geometrical perturbations, can be applied to sensor design. Here we 
demonstrate that the topological Fano resonance mode preserves its asymmetric, ultra-sharp line shape in the 
presence of the disorder, defects and cavities, and this has useful optical device applications such as in low 
threshold lasers, and extremely precise interferometers.   
 
Topological insulators (TIs) with their attendant insulator properties in their bulk but conduction at their surface 
(three dimensional) or edge (two dimensional) act as the quantum spin Hall (QSH) effect systems [1-3]. The novel 
behavior of the edge states including protection and robustness against disorder in the electronic systems, 
motivated study of analogous behavior in the photonic structures [4-5]. Moreover, the photonic topological 
insulators (PTIs) with the photon pseudo spin properties look to electronics systems for guidance on the 
manipulation of the photonic properties. The hexagonal photonic crystals (PCs), preserve the 𝐶଺ point group 
symmetry and time reversal (TR) symmetry are suitable to investigate topological insulator effects from an 
existence point of view. They can be used in the absence of the magnetic field set ups [6-14] to study the topological 
properties at the common boundary of two PCs, with different topologies. The topologically protected edge states 
near the Dirac cones, are scattering immune without breaking the TR symmetry by employing magnetic fields or 
bi-anisotropic materials [15-18]. Nowadays, there are many approaches for making modifications on the PCs to 
lift the Dirac point degeneracy and cause a band gap region to emerge for producing topological behavior [19-24]. 
Indeed, from the early findings on the Graphene models, the Dirac point was deemed important where the gradient 
of the dispersion bands is zero [25-26]. The honeycomb PCs have the 𝐶଺௩ symmetry point group, with the four-
folded degeneracies at the double Dirac cone [27-28]. By breaking the 𝐶଺௩ symmetry, the bands invert with respect 
to each other, near the Dirac point, leading to the appearance of  different topological behaviors which can be used 
for back-scattering immune unidirectional light propagation [29-33]. One may employ the helical edge modes, 
arising in the band gap region, to study the one-way light propagation at the boundary of two PCs with different 
trivial and non-trivial characteristics and also in waveguides made based on the topological behaviors. Moreover, 
one can study these features in the topological waveguides containing defects, disorders or cavities [34–43]. In our 
previous works [44-45], we reduced the 𝐶଺ symmetry of the ordinary honeycomb PC to 𝐶ଷ point group symmetry, 
by modifying the distance between the rods and the center of the unit cell or by putting small rods near main ones 
to remove the Dirac cone degeneracy. Removing the double Dirac cone, in the band gap at central point of the 
Brillion zone lead to the emergence of two PCs, with different topological behavior. These two types of PCs with 
simple geometry can be used for fabrication of PTIs with unique optical properties. 
The interaction of discrete photonic bound states with the continuum (BICs), lead to the occurrence a Fano 
resonance. Indeed, such bound states in the continuum BICs have intriguing characteristics such as infinite 
lifetimes and Q-factor resonances which have a wide variety of application in optical techniques such as lasing 
and sensing. The Fano resonance may be applied to generate ultra-sharp optical pulses realizing ultra-small, low 
threshold lasers and beam filters [46-48]. From the diversity of effects in TI electronic condensed matter, PTIs are 
ripe for technical application opportunities, Studying the leakage of bound photonic states into free space, 
illuminates topological photonic phases passing through a Fano resonance [49]. The narrow line shape of 
topological Fano resonances shifts under environmental perturbations thus acting like a sensor which is immune 
to various kind of disorders and defects. The topological Fano resonances can be realized through the constructive 
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and destructive interference of topological dark and bright edge modes with high and low quality factor (Q) 
respectively [50-51]. 
In this paper, we continue our study with the honeycomb photonic crystal (PC) that has been used in our recent 
works [44-45]. A two-dimensional honeycomb PC composed of six circular rods, within  the unit cell, all with a 
relative permittivity of 𝜀 = 11.7, surrounded by a vacuums employed. The radius of each rods is 𝑟. The distance 
from the centre of the unit cell to the centre of the rod, as well as the distance between the adjacent rods are both 
𝑅 (see Fig.  1). For the underlying 2D PC, the Bravais lattice vectors are ?⃗?ଵ = (𝑎, 0) and ?⃗?ଵ = ቀ
௔
ଶ
, ௔√ଷ
ଶ
ቁ, with the 
lattice constant given by  𝑎 = 1𝜇𝑚. By tuning the radii 𝑟 and 𝑅, the 𝐶଺ symmetry of the lattice is preserved, and 
multiple topological transitions are observed. The calculations in Ref. [19] show that at 𝑅 =  𝑎/3, the sublattice 
symmetry of the honeycomb lattice enforces the emergence of the double Dirac point, with a four-fold degeneracy 
at the 𝛤 point of the Brillouin zone,. By breaking the inversion symmetry, the double Dirac cone will be lifted. 
Consequently, the topological edge state of light, with a robust pseudospin-dependent transportation will be 
excited. 
 
 
 
 
 
 
 
Fig 1. The schematic configuration of the honeycomb PC consists of six dielectric rods embedded in the air. ?⃗?ଵ and ?⃗?ଶ are the two basis vectors 
of the honeycomb lattice.  is the angle that the lattice will be rotated about the 𝑥 axis to remove the double Dirac cone degeneracy at the 
point in subsequent calculations 
 
Here we study the dispersion behavior of this PC with the parameters 𝑅 = 𝑎/3 and 𝑟 = 𝑅/3 for the Transverse, 
Magnetic Polarization, TM. We use the software electromagnetic simulation package MIT Photonics Bands 
(MPB) for calculating the band structures [53]. Numerical photonic bandstructure results plotted in the Fig. 2. (a), 
show the double Dirac cone has appeared at the 𝛤 point, due to the degeneracy between the 𝑝 and 𝑑 bands. The 
inset shows the electric field distributions at the double Dirac cone which consist of symmetric (S) and anti-
symmetric (A) modes. The dashed lines represent the symmetric (mirror) axes. By rotating the PC about the 𝑥 axis 
by an angle of the rotation 𝜃 and consequently removing the mirror reflection symmetry of the PC, the degeneracy 
between the bands 𝑝 and 𝑑 is removed. Indeed, rotations of the PC lead to mismatch of the symmetry planes of 
the rods and lattice and breaking the reflection symmetry of the PC. 
This perturbation yields an opening up of the Dirac cone and the emergence of a bandgap. Indeed, breaking the 
mirror symmetry by performing a rotation of the PC about the 𝑥 axis, opens the Dirac cone and causes a phase 
inversion (band inversion). Such an effect permits us to design the PCs with a robust edge transport. Fig. 2. (b). 
shows numerical results for the dispersion of the rotated PC for an angle 𝜃 = ±10଴. By comparing Fig. 2 (c) and 
(d), we find that the Band no. 5 at 𝜃 = 10଴ switched with the Band no. 4 at 𝜃 = −10଴. Namely the Band no. 4 at 
𝜃 = 10଴ switched with the Band no. 5 at 𝜃 = −10଴ and also the Band no. 3 (2) at 𝜃 = 10଴  and the Band no. 2 
(3) at 𝜃 = −10଴ are switched to each other. Thus, when the honeycomb PC is rotated from 𝜃 = 10଴ to 𝜃 = −10଴, 
a band inversion takes place which leads to topological phase transitions. Indeed, reducing the inversion symmetry 
of the PC leads to the mutual coupling of the orbitals 𝑝 and 𝑑: In the other words, the upper symmetric orbital 
𝑑 and the lower asymmetric orbital 𝑝, plus the upper asymmetric orbital 𝑑 and the lower symmetric orbital 𝑝. 
These hybridized eigen-states including the frequencies at the adjacency of the Dirac cone, follow fresh pseudospin 
up and down [54]. The opening then closing and reopening of the Dirac points, about the band inversion at 𝜃 =
0଴, confirms that a topological phase transition has occurred and suggests a platform for studying the robust one-
way transport near the topological interface. To this aim, we simulate an ‘up-down’ configuration composed of 
different PCs with rotations 𝜃 = −10଴(at the bottom) and 𝜃 = 10଴(at the top). Fig. 3 (a) indicates the supercell 
and the band diagram for this configuration. When the upper (down) hexagonal lattices with rotation angles  𝜃 =
10଴  and 𝜃 = −10଴, respectively form a photonic heterojunction, a topological edge state emerges as seen in the 
Fig. 3 (b). To continue, one can provide an up-down configuration with opposite PCs with rotation 𝜃 = −10଴(at 
the top) and 𝜃 = 10଴(at the bottom) and study the opposite mode emergence at the topological interface. 
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Fig. 2. (a) The band structure of the honeycomb lattice for TM polarization in which the double Dirac cone is observed at the central 𝛤 point 
of the Brillouin zone, and the symmetric and antisymmetric electric field distributions at the double Dirac cone. The symmetry axis is indicated 
with dashed lines. (b) The dispersion for a rotated hexagonal PC about the 𝑥 axis for 𝜃 = ±10଴ with an induced bandgap, (c)-(d) the electric 
field, 𝐸௭  distributions with orbitals p and d at the 𝛤 point for 𝜃 = 10଴ and 𝜃 = −10଴respectively. 
 
 
 
 
 
 
 
 
 
 
 
Fig. 3. (a) An up-down topological photonic supercell consisting of  25 × 1 PCs and related dispersion diagram and (b)  with the accompanying 
electric field  profiles at  𝑘௫  =  0. 
 
Another configuration is composed of right (𝜃 = 10଴) and left (𝜃 = −10଴) hexagonal unit cells with zigzag 
interface. As seen in the Fig. 4 (a), the helical edge states emerge within the overlapped bulk band gap of two 
opposite PCs which result in a pseudospin dependent unidirectional transformation. We may also study the 
‘reverse’ configuration, consisting of right (𝜃 = −10଴) and left (𝜃 = 10଴) hexagonal unit cells which yields the 
similar dispersion and transformation singularity. For studying the one-way propagation of edge states, we design 
an up-down configuration of opposite PCs with rotation 𝜃 = 10଴ and 𝜃 = −10଴, Fig. 4 (b). To excite TM 
polarization, we use two orthogonal magnetic dipoles with 90 degree phase difference (𝐻௫ + 𝑖𝐻௬), at the interface 
of the two PCs, to produce left hand circular polarization, counterclockwise rotation, 𝐸௭ , which propagates at the 
interface. The frequency of the sources is within the range of the topological band gap. We study the robust 
pseudospin-dependent transportation at the 𝑧 interface, Fig. 4 (c). Moreover, back scattering immune propagation 
has been found along the interface when including disorder in the simulations. The disordered region is composed 
of five unit cells with inverse rotations as shown in Fig. 4 (d).  
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The Lumerical Finite Difference Finite Time (FDTD) software package has been used to perform the full wave 
simulations [55]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 4. (a)  A right-left topological photonic supercell consisting of 13 × 2 PCs associated with related dispersion diagram, with two edge states 
A and B indicated on the bandstructure diagram (b) the unidirectional propagation of the electric field intensity, |𝐸௭|ଶ, along the interface of 
the honeycomb PC without defect, (c) the electric field propagation around the z-shape interface of the honeycomb PC, (d) the electric field 
intensity transport through the topological interface including the disorder, yellow star indicates the position of the two orthogonal magnetic 
sources with 90 degree phase differences. 
 
 
In the following, we investigate the topological Fano resonance protection in the honeycomb PTI. Considering the 
micro waveguide not containing any rods, Fig. 5. (a) . Thanks to the vertical inversion symmetry respecting to the 
central line, there will be corresponding even and odd eigenstates. We can understand that in spite of the even 
wave, the odd wave keeps a cutoff frequency, 𝑓" =  𝜋𝑐/2ℎ (where in 𝑐 indicate the speed of light and ℎ is the 
distance between the center of the unitcell and a boundary) by solving the scalar Helmholtz equation applying the 
Neumann along the y direction [52]. 
Next, consider the waveguide including six rods in each unit cell, Fig. 5. (a). Regarding the position of the dielectric 
rods at the center of the unit-cell, they can support even and odd eigenstates of 𝐸௭ due to the vertical symmetry of 
the unit-cell. Coexisting the odd waveguide mode resonance frequency in the even modes spectral range, may be 
happen localizing it below the 𝑓". Because of different symmetry of the odd and even modes, they are bounding 
purely to the rods, instantaneously [51, 52]. Fig. 5. (b) illustrates the band structure and profiles of the 𝑧 component 
of the electric field, 𝐸௭ of the equivalent bound-state in the continuum (BIC) mode for a rhombic unit cell 
containing six rods rotating 0଴, 10଴(−10଴) with the periodic boundary conditions (B. Cs.) along the 𝑥 axis and 
A B 
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the Perfect Electrical Conductors (PECs) at the other sides. As seen from the Fig. 5 (b), the bands which are 
degenerate for the rotation 0଴, are opened for the rotation 10଴(−10଴). Besides, the electric field profiles at the 𝛤 
point are symmetric and antisymmetric. Indeed, the mutual coupling of the upper symmetric orbital 𝑑 and the 
lower asymmetric orbital 𝑝, plus the upper asymmetric orbital 𝑑 and the lower symmetric orbital 𝑝 has been 
detected. These hybridized eigen-states including the frequencies at the adjacency of the Dirac cone, follow fresh 
pseudospin up and down [54]. 
We apply the antisymmetric and symmetric B. Cs. to construct the odd-symmetric (dark) and even-symmetric 
(bright) modes. By the coupling of two resonant bright and dark modes with different lifetimes (high (low) Q or 
equivalently narrow (wide) band transmission respectively), then destructive and constructive interference 
between them, the Fano resonance mode with a typical anti-symmetric line shape is routinely realized [50]. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 5. (a) The microwave waveguide including six rods in each unit cell with PEC and periodic BCs., (b) The band structure and profiles of  
the z component of the electric field, 𝐸௭ of the equivalent bound-state in the continuum (BIC) mode for a hexagonal unit cell containing six 
rods rotating 0଴,−10଴(10଴) with the periodic BCs. along the lattice vectors, ?⃗?ଵ and the Perfect Electrical Conductors (PECs) BCs at the other 
sides. The bands which are degenerate for the rotation angle 0଴, are opened for the rotation angle 10଴(−10଴). The electric field profiles for the 
k=0 point are symmetric and antisymmetric and can be converted to each other (the dashed lines are the symmetric axis).  
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Owing to the high Q characterization, the conventional Fano resonance mode which is created by interaction of 
just two odd and even modes, is not preserved under perturbations and deformations of the geometry, losing the 
simple asymmetric line shape. So, a small defect or the presence of the disorder leads to the shifting of the  
resonance frequency, and deforming the Fano resonance line shape. However, the topological Fano resonance 
which is studied in the following, is preserved under deformation due to the dark and bright edge states being 
protected against perturbations [50].  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 6. (a) A topological structure composed of trivial and non-trivial PCs (rotations 10଴ and −10଴) and the transmission against frequency of 
this structure for (b) antisymmetric (c) symmetric (d) PEC BCs. : exciting both dark and bright modes, so coupling and interfacing them, lead 
to creating the Fano resonance mode with ultrasharp, antisymmetric shape. 
 
Consider a  rhombic supercell composed of trivial and non-trivial PCs rotating around the angle 10଴ and −10଴, 
and applying symmetric or anti-symmetric PECs boundary conditions along the y direction. Then, the topological 
Fano resonance mode will be created by the interference between the bright and dark edge modes constructively 
and destructively, see Fig. 6.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 7. (a) A topological structure composed of trivial and non-trivial PCs (rotations 10଴ and −10଴) including a cavity and the transmission 
against frequency of this structure for (b) antisymmetric (c) symmetric (d) PEC BCs. : the Fano resonance shape has been preserved in 
topological composition including disorder.  
 
Applying the Gaussian source with the topological edge frequency at the left side of the structure and the 
symmetric/anti-symmetric BCs. applied along the y direction, we study the transmission of the bright and dark 
cavity 
PEC (metal)/ antisymmetric B. Cs. PEC (metal)/ PML B. Cs. PEC (metal)/ symmetric B. Cs. 
dark bright Fano 
(d) (c) (b) 
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dark bright Fano 
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modes. The anti-symmetric shape transmission of Fano mode will be emerged by applying just one of the PECs. 
The dark (anti-symmetric) and bright (symmetric) edge modes may be exited applying a single PEC to the top or 
bottom side. So the constructive and destructive interferences of them generate the topological Fano resonance 
mode. The Fano resonance mode will be topologically protected in the vicinity of the defects, disorder and even 
against introducing a cavity. For studying the robustness of the topological Fano mode, we prepared a topological 
photonic structure including various types of disorders and cavity. Figs 7 -11 show the transmission diagrams of 
dark/ bright and Fano modes for the topological structures including various defects. For example, in Fig. 7., we 
create a cavity at the topological structure by removing one of the rods and demonstrate that the topological Fano 
resonance shape has been protected in the vicinity of the cavity. 
In order to study the topological Fano resonance protection in the vicinity of the defects, we modify the distances 
of the six rods from the center of their unit cells, three of them by ∆𝑅 = −5.348𝑛𝑚 and the other three ones by 
∆𝑅 = −3.231𝑛𝑚 . As seen in the Fig. 8., the shape of the Fano resonance mode is preserved against the disorder 
(Disorder Case 1). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
  
 
 
 
 
Fig. 8. (a) A topological structure composed of trivial and non-trivial PCs (rotations 10଴ and −10଴) including a disorder region (indicated with 
a red rectangle region) and the transmission against frequency of this structure for (b) antisymmetric (c) symmetric (d) PEC BCs. : the Fano 
resonance shape has been preserved in topological composition including disorder. 
For studying the robustness of the Fano resonance transmission through the disorder topological structure, we 
modify the radii of the indicated rods in the Fig. 9., by ∆𝑟 = −1.1𝑛𝑚, (Disorder Case 2). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 9. (a) A topological structure composed of trivial and non-trivial PCs (rotations 10଴ and −10଴) including a disorder region (indicated with 
a red rectangle region) and the transmission against frequency of this structure for (b) antisymmetric (c) symmetric (d) PEC BCs. : the Fano 
resonance shape has been preserved in topological composition including disorder.  
Disorder 1 
∆𝑹 = −𝟓. 𝟑𝟒𝟖𝒏𝒎 ∆𝑹 = −𝟑. 𝟐𝟑𝟏𝒏𝒎 
PEC (metal)/ antisymmetric B. Cs. PEC (metal)/ PML B. Cs. PEC (metal)/ symmetric B. Cs. 
dark bright Fano 
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(a) 
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In  Fig. 10., in the disorder region indicated by  a red square, the rod has been rotated to an angle of −15଴ instead 
of 10଴. Again the Fano resonance mode protection clearly demonstrated in the numerical results, (Disorder Case 
3). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 10. (a) (a) A topological structure composed of trivial and non-trivial PCs (rotations 10଴ and −10଴) including a disorder region (indicated 
with a red square region) and the transmission against frequency of this structure for (b) antisymmetric (c) symmetric (d) PEC BCs. : the Fano 
resonance shape has been preserved in topological composition including disorder. 
 
In Fig. 11., the permittivity of the indicated unit cell, has been changed to 𝜀 = 11.22 (Disorder Case 4). For 
comparison of dark, bright and Fano resonance mode behavior through the various types of defects and the 
presence of a cavity, we combine the results of the Fig. 7 to Fig. 11 together in Fig.  12. As seen in the Fig. 12., 
although there is some Fano resonance position shifting in the various disordered topological structures, the 
antisymmetric shape of the Fano resonance state has been categorically preserved.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 11. (a) A topological structure composed of trivial and non-trivial PCs (rotations 10଴ and −10଴) including a disorder region (indicated 
with a red square region) and the transmission against frequency of this structure for (b) antisymmetric (c) symmetric (d) PEC BCs. : the Fano 
resonance shape has been preserved in topological composition including disorder. 
 
 
 
 
 
Disorder 3 
PEC (metal)/ antisymmetric B. Cs. PEC (metal)/ PML B. Cs. PEC (metal)/ symmetric B. Cs. 
dark bright Fano 
(d) (c) (b) 
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Fig. 12. Comparison of the transmission against frequency of (a) dark (b) bright and (c) Fano resonance mode for a topological structure 
including cavity, and disorder cases (1, 2, 3, 4). The Fano resonance mode shape is preserved for the different cavity and disorder cases. The 
shifting Fano resonance frequency position, suggests that this device is suitable for optical sensor applications.   
 
For studying the Fano resonance mode in trivial structure composed of PCs with a rotation angle of zero, just as 
for the earlier topological structures, we apply one PEC BCs. For the trivial structure, a mode similar to the Fano 
resonance mode appears in our simulations which is not preserved when a cavity or defects are introduced. For 
introducing the disorder in the trivial structure, in Fig. 13, we modify the distances of the six rods from the center 
of their unit cells, with three of them given by ∆𝑅 = −5.348𝑛𝑚 and the other three given by ∆𝑅 = −3.231𝑛𝑚.  
Conclusion 
The Fano resonance mode with a characteristic ultra-sharp, asymmetric line shape is widely encountered in optics 
and has many applications in lasing, sensing and switching optical devices. The asymmetric shape is produced as 
a consequence of constructive and destructive interference of dark and bright modes, due to interaction of the 
bound modes and the continuum of propagating waves. We numerically investigate the individual robust Fano 
resonance mode which is topologically protected by the band inversion, induced by breaking the mirror symmetry 
of a two-dimensional honeycomb photonic crystal associated with 𝐶଺ point group symmetry. In contrast to the 
general Fano resonance mode which is very sensitive to environmental and geometrical perturbations, the 
topological Fano resonance mode can be realized through the interaction of topological dark and bright edge modes 
with a high quality factor, Q and low Q respectively and preserves ultra-sharp, asymmetric line shape in the vicinity 
of the cavity and defects. 
 
 
dark bright 
Fano 
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Fig. 13. (a) The structure composed of trivial PCs with PEC BCs.  including (b) a cavity region, (c) disorder region, (d) Comparison of the  
transmission against frequency for the structures part (a)-(c), the shape of the generated mode is not preserved through the different cavity and 
disorder. 
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